Abstract. A reality-based algebra (RBA) is a finite-dimensional associative algebra that has a distinguished basis B containing 1 A , where 1 A is the iden- 
Introduction
A reality based algebra (RBA) is a pair (A, B), where A is a finite-dimensional algebra over C with involution * and has a distinguished basis B = {b 0 , b 1 , . . . , b d } for which:
(i) the involution * : A → A is R-linear and C-conjugate linear and satisfies (uv) * = v * u * , for all u, v ∈ A;
(ii) b 0 = 1 A ∈ B;
(iii) (b i ) * = b i * ∈ B, for all b i ∈ B, for a transposition * : {0, 1, . . . , d} → {0, 1, . . . , d};
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(iv) multiplication in A defines real structure constants in the basis B, i.e. for all b i , b j ∈ B, we have
(v) for all b i , b j ∈ B, λ ij0 = 0 ⇐⇒ j = i * ; and (vi) for all b i ∈ B, λ ii * 0 = λ i * i0 > 0.
Reality-based algebras were introduced by Blau in [1] to provide a bridge between adjacency algebras of association schemes, table algebras, the C-algebras of Kawada, fusion rule algebras, and several other kinds of discrete hypergroups.
When the map δ : A → C given by δ(α) = i α i δ(b i ) is an algebra * -homomorphism of A that takes positive values on elements of the basis B, then we say that δ is a positive degree map for the RBA (A, B). The degree map is unique to the RBA, and the distinguished basis can be rescaled to a standardized RBA-basis that has
If, in addition, the structure constants λ ijk with respect to a standardized RBA-basis are all integers (resp. rationals), then we say that the RBA (A, B) is an integral (resp. rational) RBA with positive degree map.
The prototypical example of an integral RBA with positive degree map is the complex group algebra CG of a finite group G, whose distinguished RBA-basis G is a standardized RBA-basis for the degree map given by the augmentation map (or the trivial character) having δ(g) = 1 for all g ∈ G. Bose-Mesner algebras of finite association schemes and integral table algebras give other useful and interesting cases of integral RBAs with positive degree map.
For an integral RBA (A, B), the fact that the structure constants are integral means that ZB is a subring of A. An important theme in integral representation theory is to study the groups of units of Z-orders of semisimple algebras over C. In this article we study torsion units Motivated by the Zassenhaus conjecture for integral group rings of finite groups, we ask if every torsion unit of ZB will be conjugate in A to a trivial torsion unit when (A, B) is an integral RBA with positive degree map.
C * -algebra representation theory for RBAs
In this section our goal is to show that every RBA (A, B) has a faithful * - Proof. A is a finite-dimensional algebra, so its radical J is nilpotent. Since the involution * is an antiautomorphism, J * = J. Let m be the least positive integer for
If u ∈ A, u 0 denotes the coefficient of b 0 in the expression of u in terms of the basis B. Every RBA (A, B) has a feasible trace u → u 0 ; this is * -linear on A and satisfies (xy
is a nondegenerate hermitian form on A. In particular, ||x|| = x, x defines a norm on A. Being a finite-dimensional vector space over C, A is complete with respect to this norm, so A is a C * -algebra.
Now that we have established that our RBA A is a finite-dimensional semisimple C * -algebra, we can apply the construction of 
) for all χ ∈ Irr(A). Each Γ χ lifts to a representationΓ χ of A, and taking the direct sum of these representations produces a faithful * -representation
where n = χ n χ .
The next proposition shows how we can apply a faithful * -representation to torsion units of an RBA. Proof. Let Γ be the faithful * -representation of A as constructed above. When u ∈ A is a torsion unit of multiplicative order k, then Γ(u) is a torsion matrix of order k. This means each block of Γ(u) is a torsion matrix, and hence diagonalizable.
Let W χ be invertible n χ × n χ matrices for which W
is irreducible, it is also surjective. Let we χ ∈ Ae χ with Γ χ (we χ ) = W χ , and set w = χ we χ . Then Γ(w −1 uw) is a diagonal torsion matrix, and hence * -unitary:
Since Γ is a faithful * -isomorphism, this proves (w −1 uw) −1 = (w −1 uw) * , as required.
Torsion units for RBAs with positive degree map
Suppose now that the RBA (A, B) has a positive degree map δ. When the RBAbasis B is standardized with respect to δ, we can define the order of the RBA to 
tells us how to express the centrally primitive idempotents of A in terms of the
χ(b 0 ) = n χ is the degree of χ so it is always a positive integer. When the degrees δ(b i ) are all positive and real, then n is positive and real, so the multipicity m χ is positive and real. It follows then that e * χ = e χ . (Note that this implies that every two-sided ideal of A is * -invariant, in agreement with the finite-dimensional C * -algebra theory.)
The next lemma was proved in [2] , and in [6] for commutative RBAs with positive degree map. We include a proof here for completeness. for all i, and so u
If σ ∈ Gal(Q/Q), then every σ(u i ) is a k-th root of unity, so
As before it follows that 1 = i |σ(u i )| We can ask if the Zassenhaus conjecture for integral group rings holds in the more general setting of integral RBAs with positive degree map. This is the statement that every torsion unit of ZB is conjugate in CB to a trivial unit. Corollary 3.3 is a necessary step in this direction. In fact the only torsion units of ZB that are guaranteed to exist are the trivial units and their conjugates, so the problem is to show these are the only torsion units present. The Zassenhaus conjecture has been studied extensively for integral group rings of finite groups. For an up-to-date account, see [4] .
